A new kind of "super-Efimov" states of binding energies scaling as ln |En| ∼ −e 3nπ/4 were predicted by a field theory calculation for three identical fermions with resonant p-wave interactions in two dimensions [Phys. Rev. Lett. 110, 235301 (2013)]. However, the universality of these "superEfimov" states has not been proved independently. In this Letter, we study the three fermion system through the hyperspherical formalism. Within the adiabatic approximation, we find that at p-wave resonances, the low energy physics of states of angular momentum = ±1 crucially depends on the value of an emergent non-universal dimensionless parameter Y determined by the details of the inter-particle potential. Only if Y is exactly zero, the predicted "super-Efimov" states exist. 
Introduction. The extreme experimental controllability and versatility of ultra-cold atomic gases provide an ideal platform either to test established theories or to simulate important theoretic models whose properties remain little known [1] [2] [3] . In the aspect of few-body physics, a landmark result is the Efimov bound states predicted theoretically long time ago for three-body systems with resonant s-wave interactions [4] . Such states have a peculiar scaling behavior; the ratio between the binding energies of successive bound states E n+1 /E n is a universal number, independent of the details of the interparticle potentials [4] [5] [6] . Only recently, experimentalists succeeded in realizing resonant s-wave interactions in ultra-cold atomic gases by the technique of Feshbach resonance [7] , and for the very first time revealed the Efimov states through detection of giant three-body recombination loss [8, 9] , enhanced atom-dimer inelastic collisions [10, 11] and radio-frequency spectroscopy [12, 13] . Further studies showed that even the three-body parameter which dertermines the absolute energy scale of the Efimov states has a universal feature for different atomic species [9, [14] [15] [16] [17] [18] .
The quest for universal physics at resonances of higher partial waves brought about a recent local quantum field theory calculation predicting that universal bound states exist for three identical fermions with resonant p-wave interactions in two dimensions [20] . These states have angular momentum = ±1 and are called "super-Efimov" due to the fascinating scaling of the binding energies ln |E n+1 |/ ln |E n | = e 3π/4 . However as pointed out by Ref. [21] , a local quantum field theory calculation, when treating p-wave resonances, can lead to problematic results such as assigning negative probabilities to low energy states [22] . Therefore it is important to investigate the universality of the predicted "super-Efimov" states independently.
In this Letter, we use the hyperspherical formalism to study three identical fermions with resonant p-wave interactions in two dimensions. In the angular momentum = ±1 channel, within the adiabatic approximation, we derive the lowest hyperspherical adiabatic potential U eff in the large hyperradius limit, which determines the low energy physics of the system. We find that U eff crucially depends on the value of an emergent non-universal dimensionless parameter Y : If Y < 0, U eff is repulsive and there are no shallow three-body bound states; only if Y is exactly zero, the "super-Efimov" states appear; for Y > 0, the binding energies of bound states have a new scaling ln |E n | ∼ −(nπ) 2 /2Y . We reveal that the emergence of Y originates from the correlated motion of the three fermions on a hypersurface of fixed hyperradius; thus Y can not be determined by a finite number of twobody scattering parameters. We derive an expression for Y in terms of the inter-particle potential V (r) and the zero energy p-wave radial wave-function u 0 (r). We calculate Y for three different model potentials at various p-wave resonances; the value of Y varies and is found to be all positive (see Table I ). Finally we discuss the implication of our results regarding experimental observation of "super-Efimov" states.
Hyperspherical formalism. We consider three identical fermions with coordinates r 1 , r 2 and r 3 interacting pairwisely through a central potential V (r) of finite range r 0 in two dimensions. The potential is fine tuned such that it is on a p-wave resonance. We introduce the Jacobi coordinates x i = r j − r k and y i = 2[r i − (r j + r k )/2]/ √ 3 where {i, j, k} takes the values of {1, 2, 3} cyclically. The hyperspherical radius is given by ρ = x 2 i + y 2 i , and the corresponding hyperspherical angles Ω i = {α i , θ xi , θ yi } with α i = tan −1 (x i /y i ). After separating out the center of mass part, we expand the wave-function of the system in terms of any set of Ω i as
The angular part Φ n (ρ, Ω i ) is required to satisfy the arXiv:1401.0965v1 [cond-mat.quant-gas] 6 Jan 2014
with m the mass of each fermions. The total angular momentum operator is given by [23] 
We take = 1 throughout. Consequently, the hyperradial part satisfies the coupled equations of eigen-energy
The couplings P nn = φ n |∂ ρ |φ n and Q nn = φ n |∂ 2 ρ |φ n , with . . . standing for the integration over the hyperangles, are expected to be negligible in the large ρ limit and we assume them to be zero [23] . The eigenstates with E → 0 are governed by the lowest lying λ 0 (ρ) in the region ≡ r 0 /ρ 1 as Eq. (4) becomes decoupled. We focus on the states with angular momentum | | = | xi + yi | = 1 for which the "super-Efimov" scaling was found [20] . Given that is so small, there are regions where sin α i > for any i and fermions feel no interaction. In such regions, from Eq. (2), we express the angular wave-function of = 1 as
with P (a,b) ν the Jacobi functions and 4(ν n + 1) 2 = λ n + 1. The first term in Eq. (5) corresponds to the channel with x = 1 and y = 0, and the second to the one with x = −1 and y = 2. The coefficients A 1,0 and A −1,2 are to be determined. Note that at a p-wave resonance, channels of | x | = 1 would have negligible weight and have been dropped off in Eq. (5) [23] .
On the other hand, we follow the precedure outlined in Ref. [23] solving the Faddeev equations corresponding to Eq. (2) in the region where only one pair of fermions can feel interaction, i.e., there is only one hyperangle, let us say α i , small enough that sin α i < . By connecting the solution in the region sin α i < and Eq. (5) at the point α i =α = sin −1 ( ), we obtain the coupled eigenequations
where { x , y } and { x , y } take {1, 0} or {−1, 2}. The notation P x , y and Q x , y stand for the regular and irregular Jacobi functions P
(cos 2α) and
(cos 2α) respectively, and
are defined in Ref. [23] and found to be
The information of interactions is encoded in the quantities
where the function u y obeys
with L Adiabatic potential. To obtain the asymptotic behavior of the lowest lying λ 0 in the large ρ limit at p-wave resonances, we expand the coefficient of sin(πν x , y )A x , y in Eq. (6) to the leading order of . Note that different from s-wave resonances in three dimensions, since Q
, and M ±1, y ∼ −2/ + O( ) when on p-wave resonance, one must keep M ±1, y to order O( ). Consequently the leading order of the coefficient is ln plus terms of O( 0 ). We emphasize that it is crucial to retain these terms of O( 0 ) which are functions of λ 0 .
From Eq. (4) in which P nn and Q nn are neglected, a necessary condition for "super-Efimov" states is that when ρ → ∞, there is a solution λ 0 (ρ) + 1 → 0 (so ν 0 (ρ) + 1 → 0) for Eq. (6). Actually we find that such a solution does exist. We further expand Eq. (6) to the lowest order of ν 0 + 1 and have
where Y is a dimensionless parameter which depends on the detail of the interation potential V (r) as we shall show later (see Eq. (25)). We substitute λ 0 obtained from Eqs. (13) and (14) into Eq. (4) and find
with the adiabatic potential
and s 2 0 = 16/9. We have checked that there is no other λ n whose value can be smaller than λ 0 obtained above. Depending on the value of Y , the adiabatic potential can be either repulsive or attractive for ρ/r 0 → ∞.
Bound states. If Y < 0, U eff (ρ) is repulsive in the limit ρ → ∞; there are no arbitrarily shallow bound states. If Y = 0, U eff = −s 
The quantization condition for the nth state of binding energy E n is
where t 0 is a point above which U eff is applicable, and the turning point t T is given by (s In the case Y > 0, in the limit ρ → ∞, we keep the dominate term proportional to Y in U eff . We carry out the same variable transformations for the sake of the WKB approximation as above and find that Eq. (15) becomes
The corresponding new scaling is ln(mr We plot in Fig. (1) the binding energies E n calculated numerically from Eq. (15) In the case Y = 0 and s 2 0 = 16/9, due to the fast decay of E n with n, within numerical precision we only obtain two bound states. The binding energies of these two states yield a scaling parameter ≈ 2.56, much closer to our WKB result π/ 16/9 − 1/4 than the one 3π/4 given by Ref. [20] .
Origin of non-universality. The non-universal parameter Y enters into λ 0 through the O( 2 ) terms of u y (α i ) in the calculation of Eq. (6). This parameter is peculiar to the three-body system and can not be determined by a finite number of two-body scattering paramters parametrizing the p-wave phase shift δ p . To see the point, let us calculate u y (α i ) perturbatively to order 2 in the region α i ≤α. We introduce η ≡ x i /r 0 = sin α i / sinα, and for η ≤ 1, to order 2 , Eq. (12) becomes
with (20) , to the zero order of , u y equals the zero energy two-body scattering wave-function u 0 which obeys H 0 u 0 = 0. One may analogize 2 λ 0 to the two-body scattering energy. However, the term 2 H 2 manifests the fundamental difference between the three-body system compared to the two-body one. The contribution of 2 H 2 to the kinetic energy originates from the fact that Eq. (12) governs the motion of the three fermions on a hypersurface of fixed ρ. When α i varies, so do both x i and y i . While the kinetic energy in H 0 is associated with x i , 2 H 2 is the kinetic energy associated with y i under the contraint that ρ is fixed. The relative weight between the two kinetic energies ∼ 2 can be understood from the uncertainty principle: Since Eq. (20) is valid in the region x i ≤ r 0 and automatically y i ∼ ρ, the relative weight is expected to be ∼
Thus the operator H 2 distinguishes u y from the low energy two-body scattering wave-function; on the hypersurface as two particles interact with each other, the system does know that there is a third one at a distance ∼ ρ moving correlatedly to maintain the fixed ρ.
In the cases of off resonance and s-wave resonances in three dimensions, in the calculation of Eq. (6), it is sufficient to keep the zero order of u y and the information of the third particle is lost, while in our present case, the second order contribution of u y does enter into λ 0 . To see how Y is related to the inter-particle interactions, we calculate the solution to Eq. (20) to order 2 as
2 ] with
The integral kernal satisfies H 0 K 0 (η, η ) = δ(η − η ) and has the expression [25]
where v 0 is the irregular solution of Hv 0 = 0. Note that while u
would appear in the low energy expansion of the two-body scattering wave-functions, u (2) 2 would not. After we substitute the solution of u y to order 2 into Eq. (6), a lengthy but straightforward calculation yields
The denominator in Eq. (25) simply cancels the normalization of u 0 appearing in the numerator since on p-wave resonance u 0 (η) ∼ 1/η as η → ∞. In Table I , we show Y calculated by Eq. (25) for the square well potential V (r) =gθ(r − b)/b 2 , the Gaussian potential V (r) =ge Final remarks. It seems that Y is generally positive. Consequently the scaling of the binding energies of threebody bound states would be ln(mr 2 0 |E n |) ∼ −(nπ) 2 /2Y . The effects of these bound states on the three-body recombination loss are worth further investigation. Though at the moment we can not exclude the possibility that for some more complex model potentials, Y can be fine tuned to zero. The emergence of Y implies great challenges for observing "super-Efimov" states experimentally. In addition to the usual technique Feshbach resonance, one needs another method capable of tuning the inter-particle interactions independently such that both a p-wave resonance and Y being zero can be achieved simultaneously.
